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ABSTRACT

Our main aim is to derive the topological connectedness of strongly
regular (WS-superregular, superregular) topological space (Y, z) in X if
and only if for each point x € Y and any neighborhood U'(x) € ¢
(respectively, U(x) € 7) there is a neighborhood V (x) € = ( respectively,
V (x) € 7, V (x) € ) such that z clV (x) N Y < U'(x) ( respectively, ¢
clV '(x) € U(x), 7 clV (x) € U(x)).
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normal, topological subspace, WS-supernormal,

Introduction

The bitopological properties and their topological counterparts are related
with their respective counterparts which are clarified. We use the notations
are (i) : TS for a topological space, (ii) TsS for a topological subspace, (iii)
BS for a bitopological space and BsS for a bitopological subspace. I, j € {1,
2}, | #j. We discuss the properties of relative separation axioms and relative
connectedness, in particular, some relative versions of p-To, p-T1, p-T2, (I,
j)- and p- regularities, (1,j)- and p-complete regularities, p-real normality
and p-normality. Moreover, relative properties of (I, j)- and p- compactness
types, including relative versions of (I, j)- and p-para-compactness, (I, j)and

p-Lindelofness, (I, j)- and p-pseudo compactness are of great importance.
Theorem

Let (Y, n, ) be a BsS of a BS (X,71,72). Then
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[ Y is (i, j)-strongly regular in X if and only if for each point x €
Y and any neighbourhood U " (x)z% there is a neighborhood V (X) € =i
such that riclV (x) N'Y c U'(x).

i Y is (i, j)-WS-superregular in X if and only if for each point x €
Y and each neighborhood U(x) € zj there is a neighbourhood V' (x) e

ti such that tj clV '(x) € U(x).

iii  is (i, j)-superregular in X if and only if for each point xe Y and
each neighborhood U(x) € i there is a neighborhood V (x) € i such
that 7j clV (x) € U(x).

Proof

we first prove (i) Let us consider, Y to be (i, j)-strongly regular in X,
X €Y and U'(x) € t'i. Thenx € A=Y \ U'(x), A € co t'i. Hence, there
are V (x) € zi, V (A) € rjsuch that zjclV (x) NV (A) = 9,

7j clV (X)©X\V(A) € X\A = X\(Y\U'(x)) = U'(x)U (X\Y)...
and thus zjclV (x) N Y c U'(x).

Conversely, if the condition is satisfied, x € Y, A € cozi' and x € A.
Then x € Y\ A = U'(x) € 7i and hence, there is V (x) € ri such that r;

clV (x) N Y c U'(x). Therefore, we obtain the following relations.

X\U'(x) € X\ (g clV (x) N Y) = (X \gclV (x)) U (X\Y) so that (X \
U'x) NYcX\zgcelV(x). Thus Ac X\zjclV (x) =V (A) €rjand V
(x) NV (A) = 0.

We now prove (ii) Let be (i, j)-WS-superregular in X, x € Y and U(x)
€ 7i. Then x €F = X \ U(x) € coriand so, there are V (x) € zi', V (F) €
rj such that zj clV (x) NV (F) = @. Therefore, zjclV (x) € X\ V (F) c X
\ F = U(x).
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Conversely, if the condition be satisfied, x € Y, F € coriand x € F.
Then x € U(x) = X \F € zj and by condition, there is V (x) € ri such

that 7; clV (x) € U(x). Hence, we have
F=X\VUX) c X\zgclV(x)=V (F) €
and V (x) NV (F) = 9.

(iii) By using (1.2.3) of Definition (1.2.5), taking into account that x
€ Y, the P3 (iii) following.

Hence, Y is (i, j)-superregular in X if and only if X is (i, j)- regular at

each point of Y .

We know that a TsS (Y, 7)) of a TS (X, 7) is WS-regular (WS
superregular) in X if for x € Y, F € cor and x € F there are disjoint
setsU€er,VersuchthatxeUand FNYcV(FcV).

Definition (i- j) regular
Let (Y, 7, 7,) be a BsS of a BS (X, 71, r2). The point-wise as follow :

i is (i, j)-regular in X from inside if every i-closed in X BsS of Y

is (i, j)- regular.

i Y is (i, j)-internally regular in X if forx e Y ,F € cori, Fc Y
and x € F there are disjoint sets U € zj, V € rjsuch that x € U and F c
V.

iii X is (i, j)-regular on Y if for each set F € cori, i- concentrated on
Y (Fcricl(FNY),and each point x € Y \ F there are disjoint sets U
€ri,VeErsuchthatx e Uand F c V.

iv. X is (i, j)-strongly regular on Y if for each F € coxi,
iconcentrated on Y, and each point x € X \ F there are disjoint sets U €

7i, VE€rjsuchthatx e Uand F c V.
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Theorem
Let (Y, 7, 7,) be a BsS of a BS (X, 71, 72). Then

I. If Y is (i, j)-regular, then Y is (i, j)-regular from inside in X and
so, in every larger BS.

. If Y is (i, j)-internally regular in X, then Y is (i, j)-regular in X

from inside.
Proof

(i) The proof condition (i) is trivial since if Y is (i, j)-regular, then

any BsS of Y is also (i, j)- regular.

(i) Let F € cori, F c Y and let us prove that F, t''1, t'"2 is (i, J)-
regular. If x € F, ® € cori’, XE®, then X € Y and ® € corias F € cori.
SincexeY,®d cY, ® € cori, Xed and Y is (i, j) internally regular in

X, there are U € 7i, V'€ rjsuch that x € U/,

dcV'andU NV ' =¢g.LetU=UNF,V=V' NF.ThenU €',V
€rzj,xe€ U, ®cUandU NV =0.Thus (F, o, 1) is (i, j)-regular,

We find that a real-valued function f : (X, 71, 72) — (I, @) is Y -(i, j)-
l.u.s.c. if itis (i, j)-l.u.s.c. at each pointy € Y , where (Y, 7, ) is a
BsS of a BS (X, 71, 12).

Definition (i-j) almost completely regular
Let (Y, r, 7,) be a BsS of a BS (X, 71, 72). Then

I Y is (i,j)-almost completely regular in X if for each point x € Y
and each F € co t'i, x € F set, thereisa Y -(j, i)-l.u.s.c. function f :
(X, 11, 72) — (I, w) such that f(x)=0 and f(F)c{1}.
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Y is (i, j)-completely regular in X if for each point x € Y and
each set F € cori, x € F, there is a (j, i)-l.u.s.c. function f : (X, 71, 72)
— (I, w) such that f(x) = 0 and f(F NY ) c{1}.

Y is (i, j)-strongly completely regular in X if for each pointx € Y
and each set F € cori, x € F, there is a (j, i)-l.u.s.c. function f : (X, 71,
72) — (I, w) such that f(x)=0 and f(F)c{1}.

Therefore, Y is (i, j)-strongly completely regular in X = Y is (i, j)

completely regular in X = Y is (i, j)-almost completely regular in X.
Theorem

A BsS (Y, 7, 5,) of a BS (X, 71, 72) is (i, j)- almost completely regular
in X if and only if for each point x € Y and any set U € 7i, x € U there
isayY -(i, j)-l.u.s.c. function g : (X, 71, 72) — (I, @) such that g(x) =1

and g(X \ U) c{0}.

Proof

If P=X\U, then P € coriand F=P N Y € cori'. Since x EF and Y is
(i, j)-almost completely regular, there isa Y -(j, i)- l.u.s.c. function f :
(X, 1, 72) — (I, @) such that f(x) = 0 and f(F) c{1}. If g'= 1-f, then ¢’
S (X, 11, 12) = (I, ) is Y -(i, j)-l.u.s.c., g'(x) = 1 and g'(F) c{0}. Let
g(x) = g'(x) at each point x € U and g(x) = 0 at each point x € P = X\
U. Then g : (X, 71, 72) —» (I, w) is Y -(i, J)- l.u.s.c., g(x) = 1 and g(X \
U) c{0}.

Conversely, if the condition be satisfied and x € Y, F € cozi, x € F.
Then xericlF = P € coriand so x € U = X \ P. Hence, by using the
given condition, there isa Y -(i,j)-l.u.s.c. function f : (X, 71, 72) — (I,
) such that f(x) = 1 and f(X \ U) c{0}. Which impliesg=1—-fisY -
(J, l.u.s.c., g(x) = 0 and
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g(F) c g(P)=1-f(P)=1-f(X\U) = {1},

that is, Y is (i, j)-almost completely regular in X. Hence, the theorem

is proved.
Definition (p-quasi normal)
Let (Y, 7, 7,) be aBsS of a BS (X, 71, 72). Then

I Y is p-quasi normal in X if for each pair of disjoint sets A € cor,
B € corz there are disjoint sets U € t'2, V € t'1 suchthat ANY c U

and BNyYcV.

. Y is p-normal in X if for each pair of disjoint sets A € cory, B €
corz there are disjoint sets U € 72, V € rrsuchthat AN Y c Uand B N
Y c V.

Ii. Y is p-strongly normal in X if for each pair of disjoint sets A <
co t'1, B € co 1’2 there are disjoint sets U € 72, V € 71 such that A c U

and Bc V.

Iv. Y is (i, j)-supernormal in X if for each pair of disjoint sets A €
cori, B € corjthere are disjoint sets U € zj, V € zi such that A ¢ U and

BcV.

V. Y is (i, J)-WS-normal in X if for each pair of disjoint sets A €
cori, B € corjthere are disjoint sets U € z;/, V € i such that A ¢ U and

BNYcV.

Vi. Y is (i, J)-WS-supernormal in X if for each pair of disjoint sets A
€ corzi’, B € corjthere are disjoint sets U € 7, V € risuch that A c U

and B c V.

In general, the p-normality of (Y, z, ;) in (X, 7y, ,) does not imply the

p-normality of (Y, r;, ). Nevertheless, if (Y, 7;, 7,) is p-normal in a R-
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p-T1 BS (X, 71, 12), then (Y, 7y, 7,) is p-regular. Indeed, let x € Y, F € co
t'i and x € F. Then x€zj clF and by condition there are disjoint sets
U(x) € ziand U(zi cIF) € 7. Clearly, U'(x) = U (x) N Y e t'i and U'(F)
= U(riclF) N'Y € ¢;" are also disjoint, and hence, (Y, 7, 5,) is p-

regular.
Theorem
Let (Y, 7y, ) be a BsS of a BS (X, 71, 72). Then

i Y is p-strongly normal in X if and only if for each set F € co 1’1
F € co 1’2 and any neighbourhood U’'(F) € 1’2 (U'(F) € t'1) there is a
neighborhood V (F) € 72 (V (F) € t1) such that z1 clV (F)N Y c U'(F)
(z2clV (F) N'Y c U'(F)).

i Y is (i, J)-WS-supernormal in X if and only if for each set F €
cori and any neighborhood U(F) € rjthere is a neighborhood V (F) €
7j such that zi clV (F) ¢ U(F).

iii Y is (i,j)-supernormal in X if and only if for each set F € cori’
and any neighborhood U(F) € rjthere is a neighborhood V (F) € 7;
such that zi clV (F) c U(F).

Proof

(i) Let, first, Y be p-strongly normal in X, F € co t'1 and U'(F) € t'».
Then ® = (X \ U(F)) N Y, where U(F) € zi, U(F) N Y = U'(F), ¢ e co
t'2and Fn, ¢ e cot’2and Fn ¢ = @. Hence there are V (F) € 72, V
(®) € rrsuch that zzclV (F) NV (d) =@ andso V (F) c r1clV (F) € X
\WV (@) c X\ ®=U(F) u (X\Y).

Therefore, zaclV (F) N Y c U'(F).
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Conversely, let the condition be satisfied, A € co t'1, B € co t'2 and
ANB=0¢@. Then Ac Y\B =U'(A) € 1’2 and by condition there is

V (A) € r2such that z1 clV (A) N Y € U'(A). Hence X \ U'(A) c X\ (r1
clV(A)YNnY)=X\ziclV(A) U (X\Y)andso (X\U(A)NYcX\
r1¢lV (A), i.e., B=Y\U(A) c€ (X\ziclV (A)) =V (B) € r1and V (A)

NV (B)=20.

(ii) Let, first, Y be (i, j)-WS-supernormal in X, A € cozi and U(A) € ;.
Then AN B =@, where B=X\U(A) € corj. Hence there are V (A) €
7j, V (B) € risuch that ziclV (A) NV (B) = @ and thus

V (A) € ziclV (A) € X\V (B) € X\ B =U(A) ...(3.4)

Conversely, let the condition be satisfied, A € co t'i, B € co t’; and
ANB = @. Then A c U(A) = X \B € ;. Hence, by condition, there is
V(A) e t'j such that zi clV (A) € U(A). Therefore,

B=X\U(A) c X\ziclV(A)=V (B) €riand V (A) NV (B) = 0.

Now, the topological version of (i, j)-strong normality, and the

topological versions of (i, j) WS-supernormality and (i, j)-

supernormality. Hence, theorem is proved.
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